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Abstract

General objective. The research area of this thesis is nonlinear analysis. On one
hand, we study a variational-hemivariational type inequality system, with variable con-
straint sets that depend on the solution set of the system. As an application of the
theoretical results, we consider a mathematical model which describes the contact be-
tween a deformable elastic body and a Winkler type foundation. On the other hand, we
develop best proximity point results in various context for classes of mappings satisfying
weak contractive type conditions. As consequences, we obtain applications in fixed point
theory.

The conclusions drawn highlight several characteristics of the conducted study:

e The main concerns of this study are, on one hand, proving that the solution set
of a problem with variational-hemivariational inequalities is nonempty and weakly
compact, when the constraint sets are bounded. For the complementary case, using
adequate coercivity conditions, it is showed that the solution set of this problem
is nonempty. On the other hand, in the best proximity point study, the main goal
is to enunciate some conditions in which the distance from a point to its image
through a mapping, reaches its minimum possible value. Depending on the metric
structure that is taken into consideration, additional conditions are imposed to
ensure the existence, and in some cases, also the uniqueness of the solution for the

considered problem.

e In this thesis there are used, on one hand, with regard to variational-hemivariational
inequalities, qualitative properties of the solution for the problem of study, the
minimax principle, fixed point techniques, and coercivity conditions. On the other
hand, with regards to best proximity points, are considered classes of mappings
that respect some contractive type properties and classes of Istratescu type con-
tractions, whose existence is studied in the framework of metric spaces, b-metric

spaces, and generalized metric spaces.
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Methodology. The methodology used in this thesis draws on specific tools from both
convex analysis and nonsmooth analysis. Concerning the systems with variational-
hamivariational inequalities, several cases are considered, depending on the properties
of the constraint sets. The system is decoupled by associating an auxiliary problem,
followed by the use of a fixed point technique. The mathematical model considered to
study the contact between a deformable body and a Winkler type foundation uses the
primal-dual formulation, which leads to a coupled system of variational-hemivariational
inequalities, that allows the simultaneous determination of the displacement field and
stress tensor.

With regards to best proximity points, a constrained optimization problem is con-
sidered. Sets of proximal pairs are used, together with specific techniques applied for
some adequate classes of mappings, to formulate results for the existence of such points.
Implicit and explicit type contractions are formulated using classes of functions that
satisfy adequate properties with respect to continuity, monotony, or the behaviour in

the neighborhood of certain points.

General state of the art. One of the important directions of study over the past
decades has been the theory of variational inequalities, whose crucial aspect being the
formulation of some conditions of existence for the solutions of such problems. This field
begin to develop with the work of Fichera [18], who solved a problem formulated by Sig-
norini [30]. The study of the existence and uniqueness of the solution for a problem with
variational inequalities has been further developed in various contexts by Stampacchia
[31], Browder [9] and Hartman and Stampacchia [19]. Hemivariational inequalities, in-
troduced by Panagiotopoulus [24, 25|, are a generalization of these classes of inequalities
by replacing the convex functional with a locally Lipschitz functional. For another gener-
alization of these inequalities, set-valued mappings are used in formulating the problems,
see, for example, Costea and Lupu [11], Tang et al. [34]. An important aspect in proving
the theorems regarding the existence of the solution of variational type inequalities is
represented by fixed point theorems, see, for example, Costea and Radulescu [13], Costea
and Varga [14], Bai et al. [5], Costea and Pitea [12].

The structure of the variational-hemivariational type inequalities combines both con-
vex functionals and locally Lipschitz functions. With regards to the practical applica-
tions, they provide the possibility to mathematically model the problems from unilateral
contact mechanics.

Another important direction in modern mathematics is represented by the study

of best proximity points, that developed as a response for those problems in which
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the equation T'x = z has no solutions, where T is a nonself mapping, and z is an
element from its domain. Best proximity point theory has its origins in the work of
Fan [17] who formulated existence results in the context of a Hausdorff locally convex
topological vector space for a continuous mapping. Among the remarkable contributions
in this domain we recall the work of: Eldred and Veeramani [16], Suzuki et al. [33],
Al-Thagafi and Shshzad [1], Basha and Shahzad [8]. Basha [7] introduced the use of
the so called proximal contractions for nonempty closed subsets of a complete metric
space, in the context of a continuous mapping whose domain and codomain coincide
with the two subsets under consideration. The existing studies on best proximity points
have considered a wide range of structures, including uniformly convex Banach spaces,
reflexive Banach spaces, hyperconvex metric spaces, and various pseudometric spaces; in
this regard, we mention the works of Al-Thagafi and Shahzad [1], Aslantas [4], Eldred
and Veeramani [16], Kirk et al. [22], Petric and Zlatanov [26], Petric [27], Termkaev et
al. [35], and Zlatanov [36].

Thesis description: structure and content.

This thesis consists of a introductory section, three chapters devoted to presenting
the original results, a overview for future directions of study, and a bibliography.

In Chapter 1, Variational-hemivariational inequality systems, we investigate
a coupled system of variational-hemivariational type inequalities (P), with variable con-
straint sets that depend on the solution of the system.

After presenting some preliminary results, mainly concerning set-valued mappings,

the problem of study is given as follows:

(P): Findu € K and p € A(u) such that

{ C(v,p) — Clu,p) + (Aw),v — u) + J (71 (), 12(p); M (v — w)) > 0,
C(u,q) — C(u,p) + (B(p),q — p) + JS(n(u),72(p); 2(q¢ — p)) >0,

for all (v,q) € K xA(u), where X, Y, Zy, Z are real reflexive Banach spaces such that the
embeddings X — Z; and Y < Z are compact and K C X. Assume that A : K —» Y
is a set-valued mapping with nonempty closed convex values, C: X XY — (—o0, +00] is
convex and lower semicontinous with respect to each variable, J : Z; x Z; — R is locally
Lipschitz with respect to each variable and A: X — X* B :' Y — Y* are prescribed
nonlinear operators.

We study the case where the constraint sets K and A(u), u € K are bounded.

We impose some adequate hypothesis, as follows:
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(Ho) X,Y, Zy, Zy are real reflexive Banach spaces, 0x 3 K C X is a closed and convex

constraint set and the embeddings X — Z; and Y — Z5 are compact;

(Hp) A : K — Y is set-valued mapping such that:

(7) A has nonempty closed convex values;
(77) A is lower hemicontinuous from X, into Yj;

(73i) A is upper hemicontinuous from X, into Y,,;

(He) C: X XY — (—o0,+00] is a proper functional such that:

(i) K x A(K) C dom(C);

(17) u — C(u,p) is convex and lower semicontinuous for all p € Y;
(7ii) p — C(u,p) is convex and lower semicontinuous for all u € X;
(

iv) if {ua},{va} C K and {p,} C A(K) are nets such that u, — u, v, — v in
X and p, — pin Y, then

lim sup [C(va; Pa) — C(ta; Pa)] < C(v,p) — C(u, p);

«

(v) if {uo} € K and {pa},{q.} C A(K) are nets such that u, — u in X, and
Po — p and g, — ¢ in Y, then

lim sup [C(uav QOz) - C(uompa)] < C(u7 Q) - C(u7p)

«

(Hy) J: Zy X Zy — R is such that:
(1) 21+ J(z1, 22) is locally Lipschitz for all zo € Zy;

(79) 29 +— J(21, 22) is locally Lipschitz for all z; € Z;.

(Hq) A: X — X* is a nonlinear operator such that for any two nets {u,}, {w,} C X

such that v, — v and w, — w one has

lim sup(A(wy), v — uy) < (A(w),v —u), Yv € X.

«

(Hg) B : Y — Y™ is a continuous nonlinear operator, in other words, for any net

{po} C Y satisfying p, — p in Y one has B(p,) — B(p) in Y*.
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The study is made using an auxiliary problem denoted by Puu.(w,r,&,n), which is

formulated using adjoint operators:

Powe(w,r,€,m) + Find (u,p) € K x A(w) such that

C(v,7) = C(u,r) + C(w, q) — C(w,p) + (A(w) + 7 (§),v — u)
+(B(r) +7(n),q —p) =0,

for all (v,q) € K x A(w).

In Lemma 1, we show that the solution set of P,,.(w,r, &, 1) is nonempty, weakly
compact and convex. Based on this result, we enunciate Theorem 1, in which we study
the weak compactness of the solution set of problem (P), also using the Bohnenblust-

Karlin fixed point theorem.

Lemma 1. Assume (Hy), (He), (Hp), (Ha), (Hp) hold. In addition, suppose K C X is
bounded and A has bounded values. Then the solution mapping & : K XY x Zf x Z5 —
K x'Y defined by

has nonempty, weakly compact and convex values.

Theorem 1. Assume (Hy), (Hyp), (He), (Hy), (Ha) and (Hpg) hold. If K C X bounded
and A has bounded values, then the solution set of problem (P) is nonempty and weakly

compact.

In the next part of this chapter, we study the case in which at least one of the

constraint sets is unbounded, as follows:

e If K is unbounded and A has bounded values, then we assume (C}) :

(1) sup Ly(u,p) < oo, where Lj(u,p) is the Lipschitz constant near the
(u,p)EK x A(K)

point (71(u),v2(p)) € Z1 x Zy of the mapping 2z, — J(z1, 22);

() lim (A(u),u) +C(u,p) — C(0x, p)

ueK [l x
Jullx =00

= 00, Vp € Au).

e If K is bounded and A has unbounded values, then we assume (C?) :

(1) sup Lo(u,p) < oo, where Ls(u,p) is the Lipschitz constant near the
(u,p) EKXA(K)

point (v1(u), 72(p)) € Z1 X Zy of the mapping z, — J(z1, 22);
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(74) For all u € K one has

peA() 1plly
llplly —o0

e If K is unbounded and A has unbounded values, then we assume (C?) :

<Z> maX{ sSup Ll(u7p)7 sup L2(U’7p)} < 005
(u,p)E K XA(K) (u,p)EK XA(K)

3 . (A(u),u) + (B(p),p) + 2C(u,p) — C(0x,p) — C(u,0y)
) lim = 0.
(u.p)|[—o0 | (w, p)|

In Theorems 2, 3 and 4 we give sufficient conditions for the existence of the solution

of problem (P), for the cases mentioned above.

Theorem 2. Assume K is unbounded, A has bounded values and (Hy), (Ha), (He),
(Hy), (Ha), (Hg) and (C}) hold. Then the solution of problem (P) is nonempty.

Theorem 3. Assume K is bounded, A has unbounded values and Oy € A(u), for all
uw € K. If (Hy), (Hyp), (He), (Hy), (Ha), (Hg) and (C?) hold, then the solution of
problem (P) is nonempty.

Theorem 4. Assume K is unbounded, A assumes unbounded values and Oy € A(u), for
allu € K. If (Hy), (Ha), (He), (Hy), (Ha), (Hg) and (C?) hold, then the solution of
problem (P) is nonempty.

In the last part of this chapter, we study an application from nonsmooth mechanics,
more precisely, we consider a mathematical model (Py;), which describes the contact
between a deformable elastic body and a Winkler type foundation, under the assumption
that the process is static and the behaviour of the material is described by a possibly
multivalued constitutive law written as a subdifferential inclusion.

Find a displacement field 7 : Q — R3 and stress tensor o : Q0 — Sz such that

—Div(e) = %, in €,

o€ &e(W) +o(e()), in Q,

= ﬁ, on I'y,

o = 72>, on I'y,
(Par) u, <0=0, =0,

u, = a(r) = —o, € [0,¢(r,a(z))], % on Is.
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Suppose that the following conditions for problem (P,;) are fulfilled:
(Hy) Jo € LX(%RY), T € AT R¥), 5, € (T3 R9).
(He) € : Q x S3 — Sz is fourth-order tensor such that
(1) Eiji € L®(Q), 1 < 4,5, k, 1 <3;
(171) Eo:p=0:Ep, foral o,pu € Ss;
(i17) there exists mg > 0 such that Ep : p > me|p|?, for all pu € Ss.

(Hy) ¥ : S5 — (—o0, +00] is a proper convex lower semicontinuous functional such that

(i) ¥(0) € L'(Q2);
(i) dom(v)) NH # 0.

(Ha) 0 < a(-) € L=(Iy);

(H4) ¢ : Ts x [0,00) — R is a Carathéodory function such that
(i) (- ¢) is measurable for all ¢ € R;

(i1) é(x,0) = 0 for almost all = € T's;

(1ii) t — ¢(x,-) is strictly increasing on R for almost all x € T's.

In this chapter, we also enunciate the primal-dual variational formulation (P,_4), to-
gether with the primal variational formulation (P,) and the dual variational formulation
(P4()) of problem (P,,), as follows:

(Pp—a) : Find a displacement field U € K and a stress tensor o € A(ﬁ) such that

G(e(T)) — G(e(T)) +/ 39, v, — uy)da > (?,7 . 7))(, VT €K,
G'(w) — G*(0) = (e(W), pp— 0)y > 0, Vi € A(T).
(P,) : Find @ € K such that

(F(0),V =)y +¥(T) - (W) + /

I's

jg(x, Uy vy, — uy)da > (?, v — 7>X ,

for all ¥ € K.
(P4()) : Find a stress tensor o € H such that

In Theorem 5, it can be observed the connection between the variational formulation

types.
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Theorem 5. Assume (Hy), (He), (Hy), (Ha) and (Hy) hold. If a pair (U, o) is a
solution of (P,_q), then U solves (P,) and o solves (Py()).

In Theorem 6, we study the weak solvability of problem (P,_q).

Theorem 6. Assume (Hy), (He), (Hy), (Ha) and (Hy) hold. Then problem (Par) has

at least one weak solution, that is, the solution set of problem (P,_q) is nonempty.

The chapter is based on article [10].

In chapter 2, Proximal type mappings, we study some conditions in which the
distance from a point x to its image through 7: A — B it reaches its minimum possible
value, that is, the distance between the sets A and B, where A, B are nonempty subsets
of a set X, endowed with a metric type structure, while also being fulfilled additional
restrictions. In this chapter, we further generalize the study made in Ali et al. [2] and
Ali et al. [3], respectively.

In the first part of the chapter we define some preliminary concepts and properties in
the context of metric spaces, which are crucial for the development of the main results of
this study. In Definition 2 are given proximal contractive conditions of type £ by using

the class of functions from Definition 1.

Definition 1. Denote by 9 the class of functions L: [0,00)* \ {(0,0,0)} — R which
fulfill the following hypotheses:

(My) for each {z,|z, > 0}, {yn|lyn > 0}, {2zn]|2, > 0}, we have

lim z, = lim y, = lim 2, =0
n—oo n—oo n—0o0

if and only if

lim L(xp, Yn, 2n) = —00;
n—oo

(M) for each {x,|z, > 0}, {ynlyn > 0}, {zn|2, > 0}, with lim, o 2, = lim, 00 Y, =

lim,, 00 2, = 0, there exists h € (0, 1) so that lim, e 2" L(2y, Yn, 2,) = 0.
Denote by 9, the class of functions that respects the hypothesis (M ).

Definition 2. Let (X, d) be a metric space and A, B be two nonempty subsets of X. A

mapping 7 : A — B is called £ proximal contraction if there exist a function L € 99t and a
constant k& > 0 such that for all &, &, (1, (o € A, with d((;, T&1) = d(A, B) = d((2, T&2),

we have
k+ L(d(gh <2)7 ¢(Cl>7 ¢(<2)> < L<d(€17 52)7 ¢(£1>7 90(52))7 (1)

whenever

min{d(C1, G2) + ¢(C1) + ¢(C2), d(§1, &) + d(&1) + ¢(&2)} > 0.
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Theorem 7 enunciates the first result for the existence of (¢, ¢)-best proximity points,

by using the proximal contractions of type L.

Theorem 7. Let A and B be nonempty subsets of X, and (X,d) be a complete met-
ric space. Consider that Ay is closed with respect to the metric d and a L proximal

contraction mapping T : A — B, which fulfills the following conditions:
(1) TAo C Bo;
(17) ¢ and ¢ are lower semicontinuous mappings.
Then T has a (¢, )-best proximity point.

Another family of weak proximal contractions is introduced in Definition 5, formu-

lated by using the classes of functions £,, and 2, respectively.

Definition 3. Denote by £, the class of functions L: (0,00) — R which satisfies the
next axioms:

(L1) L is increasing, that is, if a1 < ay then L(a;) < L(asg);

(Ls) for each sequence {c, | c, > 0} with lim,_, ¢, = 0, there exists h € (0, 1) such
that lim, . ! L(c,) = 0.

We use the set C = {(0,z,y)|z,y > 0} to introduce the class of functions 20.

Definition 4. Denote by 20 the class of functions WW: [0,00)? — [0,00) which satisfy
the next hypotheses:

(W1) W is continuous on C and W (z,y,z) =0 if and only if x =y = z = 0;

(W3) there is 8 > 0 with fa < W(a,b,c), for any a, b, ¢ > 0.

Definition 5. A mapping 7: A — B is called LW proximal contraction if there exists
the functions a: A x A — [0,00), L € £,, W € 20, and a constant k£ > 0 so that for
all &, &, G, (o € A, with «a(&,&) > 1 and d((1,T&) = d(A, B) = d((2, T&s), we get
a((1,¢) > 1 and

k+ LW (d(C1,C2), #(C1), 0(C2))) < LW (d(&1,82), 9(&1), (62))) 5 (2)

whenever

min{ W (d(C1, G2), ¢(G1), (C2)) , W (d(&1,€2), 9(61), 0(€2))} > 0.

The second theorem for the existence of best proximity points, Theorem 8, is formu-

lated using the proximal contractions of type L.
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Theorem 8. Let A and B be nonempty subsets of X, and (X,d) a complete metric
space. Consider that Ay is closed with respect to d, and that T: A — B is a LW

prozimal contraction mapping. Suppose that the following conditions hold:
(2) TAO g BO;
(17) there are &, & € Ao, so that a(&o,&1) > 1 and d(&1,TE) = d(A, B);

(1ii) every sequence {&,} from Ay with &, — & and a(&,,&1) > 1, n € N, satisfies the
inequality a(&,,&) > 1, n € N;

(iv) the functions ¢, p: A — [0,00) are bounded and lower semi continuous.
Then T has a (¢, ¢)-best prozimity point.

The second part of this chapter is developed in the context of b-metric spaces whose
coefficient is strictly greater that one.
The notion of b-metric is attributed in literature to Bakhtin [6] and Czerwik [15].

Definition 6. Let X be a nonempty set and s > 1 areal number. A functiond: X x X —

[0,00) is called a b-metric if the following conditions are satisfied, for every x, y, z € X:
1. d(z,y) = 0 if and only if x = y;
2. d(z,y) = d(y,z);
3. d(z,y) < sld(z,z) + d(z,vy)].

In this case, (X, d) is called a b-metric space with a constant s > 1.

It is mentioned that the class of b-metrics properly contains that of classic metric
spaces, with the constant s = 1. Furthermore, continuity is not, in general, a feature of
b-metrics.

To prove the next theorem of this chapter, it is necessary to introduce a additional

condition, stated in Definition 7, inspired by the work of Lucécs si Kajanto [23].

Definition 7. Let (X, d) be a b-metric space with the constant s and A C X be a
nonempty set. We say that L: [0,00)%\ {(0,0,0)} — R satisfies the property (Sz), with
respect to ¢, p: A — [0, 00), if the next implication holds

(Sp) If there is k > 0 and {&,} a sequence from A such that d(&,,&,41) > 0, n € N,

and

k+ L(sd(&ns&nt1) 9(6n), 0(€nr1)) < L(d(§n-1,n); (6n-1), (&)
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for all n > 1, then

k4 L(s"d(&n, Ent1), 9(6n), 0(ny1)) < L (Snild(fnfla €n) P(En1), ‘P(fn)) )
for all n > 1.

The class of proximal contractive operators of type L;, which can be found in Defi-

nition 8, is enunciated using the class of functions 9i,.

Definition 8. Let (X, d) be a b-metric space and A and B be two nonempty subsets
of X. A mapping 7: A — B is called L, proximal contraction if there exists the
function L € 9, and a constant & > 0 such that for all &, &, (i, (o € A, with
d(Ci, T&) = d(A, B) = d((2, T&), the following inequality holds

k4 L(sd(Gr, G2), 6(G1), 9(G)) < L(d(&1,€2), 9(61), 0(&2)), (3)

whenever

min{sd((1, G2) + #(C1) + ¢(C2), d(&1, &) + d(&1) + (&)} > 0.

Using the L; proximal contraction and the property (S1), we enunciate, in Theorem

9, some conditions for the existence of best proximity points.

Theorem 9. Let A and B be non-void subsets of X, and (X, d) be a complete b-metric
space. Consider that Ag is closed with respect to d, with s > 1, and that T: A — B is a

Ly proximal contraction mapping, which fulfills the next conditions:
(Z) T Ao C By,
(ii) the property (Sp) is satisfied with respect to ¢, p;
(1ii) the functions ¢ si @ are lower semi continuous.
Then T has a (¢, )-best proximity point.

Definition 9 presents the property (Sw ), which plays a crucial role in the next best

proximity point theorem.

Definition 9. Let (X, d) be a b-metric space with the constant s and A C X be a
nonempty set. We say that L: (0,00) — R and W: [0,00)> — [0,00) satisfies the
property (Spw), with respect to ¢, p: A — [0, 00), if the next implication holds

(Spw) If there is k > 0 and {&,} C A a sequence such that

k4 LW (sd(&ns&nt1)s 9(6n), 0(Ent1))) < LW (d(€n-1,n)s 9(§n-1), (&),
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for all n > 1, then

k+ L (W (Snd(gm §n+1)7 ¢(§n)’ @(fn))) < L (W (3n_1d<§n—17 fn)? ¢(§n—1)’ (p(fn))) ’

for all n > 1.

Using the class of functions 20 in Definition 10, it is introduced a new type of proximal

contraction mappings.

Definition 10. Let (X, d) be a b-metric space. Consider A and B two nonempty subsets
of X, L: (0,00) — R an increasing function and W € 20. A mapping 7: A — B is
called LW, proximal contraction if there is a constant k£ > 0 so that for any &, &, (i,
G € A, with «(£1,&) > 1 and d(¢1, 7€) = d(A, B) = d((, TE), we get a(G,¢) > 1

and
k+L (W (Sd(Ch g2)7 ¢(C1)7 @(CQ))) S L (W (d<§17 52)7 gb(fl)u 90(52))) ) (4)

whenever

min{W (sd(C1, ¢2), ¢(C1), p(C2)) , W (d(&1,&2), 9(61), p(&2)) } > 0.

Theorem 10 provides conditions for the existence of best proximity points using
Definition 9 and Definition 10.

Theorem 10. Let A and B be nonempty subsets of X, and (X,d) be a complete b-
metric space, with s > 1. Consider that Ag is nonempty and closed with respect to d,
and that T: A — B is a LW, prozimal contraction mapping, which fulfills the following

conditions:
(2) TAO g BO;
(i1) there are &, & € Ay, so that a(&y,&1) > 1 and d(&, T&) = d(A, B);

(7i1) every sequence {&,} from Ao with &, — € and o(&,,&ns1) > 1, for alln € N,
necessarily satisfies the inequality «(&,,&) > 1, for alln € N;

(1v) the property (Spw) is satisfied;
(v) the functions ¢, p: A — [0,00) are bounded lower semi continuous.

Then T has a (¢, ¢)-best proximity point.
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The chapter concludes with the case when 7: X — X is a self mapping, which

provides fixed point results.

Therem 11 and Theorem 12, respectively, enunciate fixed point consequences in the

context of classic metric spaces.

Theorem 11. Let (X, d) be a complete metric space. Consider that T: X — X is a
mapping which fulfills the following conditions:

(i) thereis L € O and k > 0 so that
k4 L(d(TE, TC), o(TE),p(TC)) < L(d(§, ), (), #(C)),

whenever min{d(T¢,T¢) + ¢(TE) + ¢(T¢),d(§,C) + ¢(§) + p(Q)} > 0, when ¢,
(e X;

(i) ¢ and p are lower semi continuous functions.
Then T has a (¢, p)-fixed point.

Theorem 12. Let (X,d) be a complete metric space. Consider that T: X — X is a
mapping which fulfills the following conditions:

(1) there exists L € £, W € 20 and a constant k > 0 so that
k+ LW((TE, TC), p(T¢€), (TC))) < LW (d(&,€), #(£), ¢(C))),

whenever min{W(d(T¢, TC), ¢(T€),(T¢)), W(d(E, ), ¢(§), #(¢)} > 0, when ¢,
(e X;

(13) ¢ and ¢ are bounded lower semi continuous functions.
Then T has a (¢, p)-fized point.

Regarding the case of b-metric spaces, Theorem 13 and Theorem 14, respectively,

enunciate consequences of the previous best proximity point results.

Theorem 13. Let (X,d) be a complete b-metric space, with s > 1. Consider that
T: X — X is a self mapping which satisfies the following conditions:

(1) there is L € My, and k > 0 so that
k4 L(sd(T€,TC),¢(T¢€), 0(TC)) < L(sd(€, ), 9(£), ¢(C)),

whenever min{sd(T¢, T¢) + ¢(TE) + ¢(TC), sd(§, (), p(£), #(C)} >0, &, ¢ € X.
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(12) the property (Sp) is satisfied with respect to ¢, ¢;
(7i1) ¢ and ¢ are lower semi continuous functions.
Then T has a (¢, @)-fized point.

Theorem 14. Let (X,d) be a complete b-metric space, with s > 1. Consider that
T: X — X is a self mapping which satisfies the following conditions:

(1) there exists L: (0,00) — W a increasing function, W € R and a constant k > 0
so that

k4 LW (sd(TE, TC), o(T€), 0(T¢))) < LIW(A(E, €), (), #(C))),

whenever min{W (sd(T€, T¢), 6(T€), p(T¢)), W(d(&, ), (£), #(¢)} > 0, &, ¢ €
X;

(17) the property (Spw) is satisfied with respect to ¢, ;

(1i1) ¢ and ¢ are bounded lower semi continuous functions.
Then T has a (¢, p)-fized point.

The chapter is based on article [28].

In the chapter Best proximity points on generalized metric spaces, we extend
the results introduced by Istratescu [20], both from the point of view of the object of
study, by considering best proximity points, and also by working on a generalized metric

space, inspired by the work of Jleli and Samet [21], which can be found in Definition 11.

Definition 11 ([21]). Let X be a nonempty set and let d: X x X — [0, 00) be a function
which satisfies the following conditions:

dy) if d(z,y) = 0, then x =y, when z, y € X;

dy) d(z,y) = d(y,z), for all z, y € X

d3) there exists C' > 0 such that for every x, y € X, and any sequence {x,} with the
property that d(x,,x) — 0, it follows that

d(z,y) < Climsupd(z,,y).
n—00

In this chapter it is used a generalized metric space (X, d), where function d satisfies
the conditions from Definition 11, and also d(z,z) = 0, for any = € X.

It is pointed out that a number of classes of metric spaces can be seen as particu-
lar cases of this one, from which we mention classic metric spaces, b-metric spaces, or

modular spaces with the Fatou property.
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In the context of best proximity points, the following set
OT(J') = {{xn} C A‘l‘o =, d(anrthn) = d(A> B)}v

is called the orbit of z under 7', when (X, d) is a generalized metric space, A and B are
nonempty subsets of X and T: A — B.

The point x € X is called a periodic best proximity point for 7' if there exists
{z,} € Or(x) and m > 1 so that d(z,Tx,,) = d(A, B). The mapping T satisfies
condition P, if the set of periodic best proximity points coincides with the set of best
proximity points for 7.

In this chapter, it is used a mapping 7" that satisfies property B, (see, for example,
Sahin et al. [29]).

In Theorem 15, a boundedness condition is imposed on certain sequences defined
using pairs of proximal subsets, as follows.

Let {z,} be a sequence from X, where (X, d) is a generalized metric space. Consider

the sets
6(d, {xn}) = sup{d(zm, z,) [ m,p € N},
and
o (A, {0 }) = SU{d(@ms ) | m,p € N, 1, p = o},

where ng € N.

By the property of symmetry, it follows that
5710 (d7 {xn}> - Sup{d<mm7'rp) |m7p € N, p Z m Z nO}'
It is concluded that

op(d, {zn}) < 0m(d, {z0n}) < 0(d, {zn}), p > m.

Theorem 15. Let (X,d) be a complete generalized metric space, and T: A — B be a
nonself mapping with T Ay C By.

Suppose the following conditions are fulfilled:

i) there are ay, ag,... Gp_1, b1,....,bp—2 € 0,1), 0 < a1 +ag+---+ap_1+b1+---+b,_2 <
1, p > 3, so that for any distinct z;, i € N, and for any y; € A with d(y;, Tz;) = d(A, B),

we have

d(ypfl, yp) < ald(zl, 2’2) + agd(ZQ, 23) + -+ ap,ld(zp,l, Zp)
+b1d(y17 ?J2) Tt bp—2d(yp—27 yp—l); (5)
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i1) Ao is closed with respect to d;
iii) for any sequence {x,} C A such that d(x,41,Tx,) = d(A,B), n € N, we have
d(d, {xn}) < 0.

Then T has a unique best proximity point.

Corollary 1 and Corollary 2, respectively, enunciates interesting consequences from

literature for Theorem 15.

Corollary 1. Let (X,d) be a complete generalized metric space, and T: A — B be a
nonself mapping with T'Ay C By.

Suppose the following conditions are fulfilled:

i) there are a, b € [0,1), 0 < a + b < 1, so that for any distinct z; € A, and for any
y; € A, with d(y;, Tz;) = d(A, B), i € N, we have

d(y2,y3) < ad(xy, x2) + bd(z2, x3). (6)

i1) Ag is closed with respect to d;
i1i) for any sequence {x,} C A such that d(z,.1,Tz,) = d(A, B), n € N, we have
3(d, {xn}) < 0.

Then T has a unique best proximity point.

Corollary 2. Let (X, d) be a complete generalized metric space, and T: A — B be a
nonself mapping with T'Ay C By.

Suppose the following conditions are fulfilled:

i) there are a, b € [0,1), 0 < a + b < 1, so that for any distinct x; € A, and for any
y; € A, with d(y;, Tz;) = d(A, B), i € N, we have

d(y2,y3) < ad(xq, x2) + bd(y1, y2); (7)

i1) Ag is closed with respect to d;
iii) for any sequence {z,} C A such that d(x,.1,Tz,) = d(A, B), n € N, we have
d(d, {xn}) < 0.

Then T has a unique best proximity point.

Unlike the results from Theorem 15, Theorem 16 does not require any boundedness
conditions, however, the constant of the generalized metric space must take values from

a certain set.

Theorem 16. Let (X,d) be a generalized metric space with the constant C' such that
Ca, <1, and T: A — B be a nonself mapping so that T Ay C By.
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Suppose the following conditions are fulfilled:
i) there are ay, as, ... a, € [0,1), 0 <a;+as+---+a, <1, p>2, sothat for any
distinct z; € A, i = 1,p and for any y; € A, with d(y;, Tz) = d(A, B), i € N, we have

Ad(Yp—1,Yp) < ard(z1,y1) + agd(2z2,y2) + - - - + apd(zp, Yp), (8)

i1) Ag is closed with respect to d.

Then T has a unique best proximity point.

Based on Theorem 16, results already existing in literature are obtained, as presented

in Corollary 3.

Corollary 3. Let (X, d) be a generalized metric space with the constant 0 < C' < 1 and
T: X — X be a self mapping.
Suppose there are a, b € [0,1), 0 < a +b < 1, so that for any z, y from X, the

following relation holds
d(Tz, Ty) < ad(y, Ty) + bd(z, T'z). (9)
Then T has a unique fixed point.

The chapter is based on article [32].
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